A new technique is described to quantify particle shape and angularity using an image analyser. The method relies on discretising the two-dimensional projection of the particle and comparing the projected outline with that of a standard geometric shape, namely a circle. Two new parameters for particle shape and angularity were formulated and their values were determined for various materials. The relationship between the new parameters and large-strain (steadystate) internal friction angle as well as pluviated void ratio was examined. Overall, the results indicate that as shape and angularity parameters increase, the drained friction angle and pluviated void ratio increase. In addition, shape and angularity were found to in¯uence the measured maximum void ratio and, to a lesser extent, the minimum void ratio.
INTRODUCTION
The behaviour of cohesionless soils is in¯uenced by the inherent characteristics of the material: particle size, size distribution, shape, angularity, surface roughness and speci®c gravity. An improved understanding of the factors relating to inherent particle characteristics that affect the shear strength of granular materials can help de®ne criteria for material selection in civil engineering construction and develop ways to mitigate the damage caused by shear¯ow phenomena. At the interparticle level, the in¯uence of mean grain size, size distribution and shape of particles on the angle of internal friction and dilatancy behaviour of granular assemblies has been long recognised (e.g. Jensen, 1974; Frossard, 1979) . In recent years, the development of better methods to characterise inherent particle properties has also been motivated by the need to improve particle modelling in discrete element method (DEM) applications. Some of these inherent characteristics can be quanti®ed using standard techniques, such as the ASTM test method for particle-size analysis of soils (D 422) and ASTM test method for speci®c gravity of soils (D 854) . It is more dif®cult to de®ne particle shape, angularity and surface roughness (Oda, 1972; Jensen, 1974 , Poulos et al., 1985 . Review of the literature indicates that most of the conventional methods used to de®ne particle shape and angularity are often subjective or do not necessarily render enough information about the shape of the particle (Barrett, 1980) . The more complex techniques, such as Fourier analysis, do not reduce to a suf®ciently small number of parameters for practical implementation (Orford & Whalley, 1983) .
In this paper, a new methodology is presented to quantify shape and angularity. The results obtained using the new methodology are compared with those obtained from a conventional method (Wadell, 1932) . The advantages and limitations of the new method are discussed. In addition, the in¯uence of shape and angularity on other engineering properties such as the frictional characteristics and pluviated void ratio as well as maximum and minimum void ratio of various materials is examined.
EXISTING METHODS TO QUANTIFY PARTICLE SHAPE FACTORS
The basic de®nitions of terms commonly used to describe the morphology of a particle (Krumbein, 1941; Barrett, 1980) are ®rst introduced. Shape or form, the ®rst-order morphologic property, is used for the gross form of a particle, and is independent of angularity and surface roughness. Angularity or roundness, the second-order property, re¯ects the number and sharpness of corners on the particle surface. Surface texture or roughness, the third-order property, re¯ects the number, size and sharpness of the asperities along the particle surface and on the corners.
Particle characterisation methods based on three-dimensional measurements include the length ratios of orthogonal axes (Krumbein, 1941; Yudhbir & Abedinzadeh, 1991) . Other techniques (e.g. Wadell, 1932 ) require the measurement of particle volume or surface area. While three-dimensional measurements are, in general, more representative of particle shape, they are often dif®cult to perform, especially with small particles. Procedures to extend two-dimensional characterisation methods into the third dimension have been proposed by Illenberger (1991) and Kuo et al. (1996) . A popular formula used to quantify the projected two-dimensional shape is Wadell's sphericity, which is de®ned as the ratio of the diameter of an equivalent circle to the diameter of a circumscribing circle. A disadvantage with this approach is that sphericity is not a parameter of shape alone, but also includes a measure of angularity (Barrett, 1980) . Angularity or roundness is estimated by obtaining the average sharpness of corners, measuring the sharpest corner, or by obtaining a measure of convexity in the particle outline (Yudhbir & Abedinzadeh, 1991 ). Wadell's (1932) procedure is also widely used and relies on measuring the diameter of each corner of the particle projection (Fig. 1) . Other commonly utilised techniques include visual comparison charts (Krumbein, 1941) and verbal descriptors (Powers, 1953) .
To account for irregular particle shapes, more advanced techniques were developed. In one such advanced technique, the two-dimensional particle outline is`unrolled', a Fourier series is ®tted, and the corresponding modal frequencies are de®ne (Ehrlich & Weinberg, 1970; Anstey & Delmet, 1973; Ehrlich et al., 1980; Piper, 1971) . Another method to quantify particle angularity was proposed by Wilson & Klotz (1996) based on the Hough transform, which relies on detecting long straight lines along the particle projection. Orford & Whalley (1983) , Moore and Donaldson (1995) , and Vallejo (1995) used fractal dimensions to quantify the morphology of irregularly shaped particles.
Most of the conventional techniques rely on the identi®cation of the particle's major axes in either two or three dimensions, which, when represented as dimensionless ratios, are presumed to represent the form. However, many natural particle shapes are not suf®ciently characterised by three orthogonal measurements. On the other hand, analytical techniques using Fourier analysis or other mathematical functions re¯ect particle shape reliably but do not render speci®c shape parameters that can be correlated with the physical behaviour (Barrett, 1980) . Fractal analysis circumvents this problem, but often fails to distinguish between particles of vastly different shapes. For instance, the fractal dimensions of a smooth circle and a smooth rhombus and almost identical. Moreover, large changes in particle morphology are re¯ected by only small changes in the measured fractal dimension. A more detailed comparison between the various characterisation techniques can be found in Barrett (1980) .
NEW METHODOLOGY FOR CHARACTERISING PARTICLE MORPHOLOGY
The new method uses the particle's two-dimensional projection to characterise shape and angularity. To describe the outlines of the particles, a Quantimet 570 image analyser was employed. The image analyser is a fully automated system that is capable of measuring image characteristics such as area, perimeter and size distribution. The basic principle governing the image analysis system is the conversion of an optical image from a light microscope or camera macro viewer into an electronic analogue signal, which is converted to a digital signal suitable for processing. The choice between a light microscope and a macro viewer is made depending on the size of the particle to be analysed.
In the present study, the images of the particles were captured by projecting a light from underneath. The magni®ca-tion factor in the image analyser was then varied until the particle covered the whole image ®eld. This process was then repeated for other particles, and each image was saved for later processing. By magnifying the particle image to the full extent possible, consistency between the different particle images as well as maximum accuracy was ensured. The accuracy of the measurements was limited only by the resolution of the image analysis system, which was 512 3 12 pixels. In order to enhance the captured images, a number of standard operations were employed. One example is the conversion of the grey-scale image into a binary form, followed by noise removal through a cycle of dilation and erosion. The image analyser provided the option for making a series of standard measurements of the area, perimeter, centre of gravity and aspect ratio. For the purpose of this study it was suf®cient to obtain measurements of the area, the coordinates of the centre of gravity and the coordinates of speci®c points on the particle outline. Additional calculations were performed on a spreadsheet.
THEORETICAL FORMULATION
The outline of a two-dimensional projection of a particle can be quanti®ed numerically by discretising the perimeter. Thus thè true' shape of the particle is approximated by an equivalent polygon (Fig. 2) . A radial segment (e.g. AB or AC) is de®ned as the straight line connecting the particle centroid to a sampling point on the perimeter, and the sampling interval (e.g. BAC or CAD) is the angle between two adjacent radial segments. In the present study, a new shape factor is de®ned as the deviation of global particle outline from a circle, and an angularity factor is calculated based on the number and sharpness of the corners. For a polygon de®ned by N points, the number of parameters required for a full description is 2N . These parameters could be the coordinates of the points in a Cartesian system, or the length of the radial segment and the sampling interval in a radial system. Since the coordinates of the centroid and the orientation of the particle projection do not affect the shape, the number of required parameters is reduced by three. For instance, for a quadrilateral ®gure, ®ve parameters, such as two angles and three lengths, are needed to de®ne the shape. Furthermore, if only the relative chord lengths rather than the absolute values are of interest, then only 2N À 4 parameters are needed. When irregular shapes are discretised into polygons, it is convenient to use equal sampling intervals. This additional restriction on the sampling intervals reduces the number of required independent parameters to N À 1. In this study, the two-dimensional projection of a particle is discretised by means of equal sampling intervals. A circle is also discretised using the same sampling interval (Fig. 2 ). The angle, á i , between each corresponding pair of chords for the circle and the particle is obtained (e.g. the angle between chords EF and BC or chords FG and CD). Depending on the direction of the particle chord vector relative to that of the circle, these angles will assume positive or negative values. These angles, á i , are called the distortion angles as they denote the`distortion' of the particle outline relative to a circle. For a particle outline discretised into N points, the total number of distortion angles is N, with N À 1 independent angles. For a speci®c particle, the distortion angles can be plotted as a function of the cumulative sampling interval to form a distortion diagram. A two-dimensional projection and the corresponding distortion diagram for a sand particle are illustrated in Fig. 3 . Note that the zero bearing can be selected at an arbitrary direction or radial segment because rotation of the particle does not result in a change in shape. The distortion diagram will be shifted along the abscissa accordingly, but the relative sequence of the distortion angles (á i ) will not be affected. The distortion diagram is, in fact, a mapping technique for the particle outline, with higher mapping accuracy at smaller sampling intervals. Because the two-dimensional particle outline can be fully reconstructed from the distortion diagram, the diagram will be used as a basis for further quanti®cation.
Particle shape is de®ned in terms of the deviation of the particle outline from a circular shape. As the values of distortion angles (á i ) alternative between positive and negative values, the sum of the absolute values is an indication of the particle outline's deviation from the circular shape. This sum can also be represented as the area under the distortion diagram, divided by the sampling interval. A normalised shape factor can be de®ned by dividing the sum of the absolute values of á i by the sum corresponding to a thin¯at particle as follows:
For a¯at particle, it can be shown that the summation of the distortion angles is always equal to N 3 45, where N is the number of sampling points. For practical particle shapes, values of SF will lie between zero and one, the former corresponding to a circle and the latter to a¯at particle (Fig. 4) . The angularity of a particle can be de®ned in terms of the number and sharpness of the corners. A measure of angularity can be obtained from the sum of the difference between 1808 and the internal angles of the particle, â i (angle EFG in Fig. 2 ). Instead of summing up the absolute differences between â and 1808, the sum of the squares of the differences is taken to amplify the in¯uence of sharper corners. Theoretically, the angularity of any smooth shape should be zero. If the sampling intervals were very small, the internal angle of a smooth shape would approach 1808, and hence its angularity would approach zero. Since the shape of a particle is discretised to an equivalent N-sided polygon, a small angularity will be obtained even for a smooth particle if its global shape is non-circular. To reduce this discrepancy, an angularity term was de®ned as
where â i circle is shown as angle BCD in Fig. 2 . A normalised angularity factor is then de®ned as Normalised angularity factor, AF N i1
The normalising term (3 3 180 2 ) corresponds to a cross-shaped particle with 12 908 corners (Fig. 4(c) ). This value was used in the denominator because, for most natural granular particles, ( â iparticle À 180) 2 does not exceed (3 3 180 2 ). It can be shown that the value of ( â icircle À 180) 2 is always equal to 360 2 aN. Accordingly, the Angularity Factor is given by:
Equation (4) gives a value of AF 0 for a sphere, and AF 100% for the sharpest natural particle analysed thus far. For reference purposes, an angularity of 100% is obtained for the cross and the four-point star shown in Fig. 4 .
In this study, a sampling interval of 98 (N 40) was chosen, as it was judged to represent the cut-off between angularity and surface roughness. However, the selection of the appropriate sampling interval is left to the individual user. For particles with large aspect ratios, smaller sampling intervals are recommended so that the shape of the sharp ends is captured.
MATERIALS SELECTED FOR EXPERIMENTAL RESEARCH
The materials selected for this study consist of uniformly graded natural sands as well as manufactured/processed materials. The manufactured materials available for testing are angular Ottawa sand of two size ranges (545 and 590), { regular Ottawa sand of two size ranges (560a80 and 520a70), glass ballotini #140, and glass beads #10/#20. The naturally occurring materials that were studied are Daytona Beach sand, Fraser River sand, Michigan Dune sand, and Syncrude Tailings sand. Index properties of the materials are listed in Table 1 .
RESULTS OBTAINED USING NEW METHODOLOGY

Results obtained for regular geometric shapes
To gain insight into the relation between qualitative particle shapes and angularities and the numerical values of the shape factor (SF) and angularity factor (AF) from equations (1) and (4), a selection of regular geometric shapes were analysed. The results presented in Table 2 indicate that as the aspect ratio of the ellipse increases, AF remains relatively low but SF increases signi®cantly. The results also indicate that if 98 sampling interval is chosen, the resulting AF for the ellipse increases as the aspect ratio increases. Therefore, when the particle is very elongated, it is recommended that a greater number of sampling points be chosen. In fact, for the 5:1 ellipse, when the sampling interval was decreased from 98 to 4.58, the AF decreased from 29% and 18%. From Table 2 it is also evident that SF increases when the aspect ratio of the rectangles is increased. The value of AF remains constant for all rectangles because the four corners all have the same angles irrespective of the aspect ratio. The triangle shows an increase in SF and AF as the acute angle subtended by its sides decreases from 608 to 458. The rhombus also exhibits a similar trend when its aspect ratio increases from 1´5 to 3. The irregular shape analysed (Fig. 5(d) ) is a jagged 3:1 ellipse with unrealistically high angularity (107%). A 3:1 ellipse, a 3:1 rectangle, a 3:1 rhombus and a 3:1 jagged particle have essentially the same SF (71%, 68%, 67%, 66% respectively), while the corresponding angularities increase monotonically from 11% to 107%. These comparisons indicate a degree of independence between the new shape and angularity factors. It is also worth noting that the values of SF and AF have a lower limit of 0, but do not have a theoretical upper limit. For instance, an angularity of 107% was obtained for the jagged eclipse shown in Fig. 5(d) . However, for all practical purposes it is very unlikely that either SF or AF will assume values greater than 100%. For reference purposes, a value of AF 0 corresponds to a circle and SF 100% to a thin¯at particle (Fig. 4(b) ). On the other hand, a value of AF 0 corresponds to a circle, and AF 100% corresponds to a cross or a fourpointed star with internal angles of 34´48 (Fig. 4) .
Comparison of the proposed shape and angularity factors with conventional methods
To appreciate the advantages of the new technique, Wadell's sphericity and roundness (Wadell, 1932) , which are analogous to SF and AF respectively, were determined for several particles of six different sands. Fig. 6 shows the relationship between SF and Wadell's sphericity, while Fig. 7 is a plot of AF against Wadell's roundness. Although a general trend exists, there is substantial scatter in the data, especially for roundness. In the authors' experience, Wadell's roundness is a very subjective measure. Two individuals doing the analysis independently could obtain values of roundness that differ by as much as 400% for the same particle outline. On the other hand, by using the new methodology, the results would be identical.
Shape and angularity factors for materials tested
Particle shapes and angularity vary appreciably from particle to particle for any particular material, which suggests that a statistical characterisation is needed. For example, based on results from 20 randomly selected particles of Ottawa sand #90, the SF varied from 39% to 67% and the AF from 15% to 44%. The sample size (number of representative particles) to be analysed must be determined based on the variability in the results and the accuracy of the values required. In order to de®ne the sample size in the present study, the average value of SF and AF for each material was calculated from a small number of particles. The sample size was then repeatedly increased and the average was recalculated in each case until a stable value was reached. For consistency purposes, 20 particles of each material were eventually used since this proved to be adequate for the most variable material (Syncrude Tailings sand). The two indices can be reported as a range of values, or as a mean and standard deviation. For correlation purposes, the mean and standard deviation are more advantageous. The results of the image analysis on all the materials are shown in Table 3 .
Scanning electron microscope (SEM) images are presented in Fig. 8 for Syncrude Tailings sand, Daytona Beach sand, and Ottawa sand #60/80 particles. From the SEM images, it can be seen that Daytona Beach sand particles (SF 42%, AF 19%) have distinct cleavage planes, while Syncrude Tailings sand has a very rough texture and is composed of irregularly shaped particles. This is re¯ected in the relatively high values of SF and AF (45% and 27% respectively). Ottawa sand #60/80 particles are more rounded (SF 39%) and less angular (AF 15%) than the other two materials, but considerable variation still exists between particles of the same material. From the SEM photomicrographs it is evident that, in addition to shape and angularity, quanti®cation of surface texture of particles may ultimately be necessary as it varies signi®cantly between the various materials. The in¯uence of particle shape and angularity on the largestrain angle of internal friction as well as the pluviated, maximum and minimum void ratios of the soils was studied. The pluviated void ratio was obtained by using a consistent method of preparation of soil specimens. The preparation pipe shown in Fig. 9 allowed a more uniform and consistent deposition of the sample material. The pipe unit terminates in a prefabricated drain with 30 9´5 mm holes. A cable and pulley attaches to the top of the preparation pipe to maintain a constant height of fall during pluviation. As the material was pluviated into a container from the preparation pipe, the pipe was gradually raised to maintain a constant height of fall (20 cm). The preparation pipe was moved in a circular pattern above the container to produce a more uniform deposition. After ®lling the container, the excess material was trimmed off carefully using a straight edge. The density and pluviated void ratio of the material in the container were then determined. All materials were considered in this part of the study, except Ottawa #15 and #10/20 glass beads. These two materials were excluded because their mean particle size, D 50 , is large compared with the openings in the prefabricated drain. Since the pluviation rate has a strong in¯u-ence on pluviated void ratio (Miura & Toki, 1982) , the void ratio of these large particles could not be compared with those obtained for other materials. The internal friction angles were obtained from drained triaxial tests performed on specimens 71 mm in diameter and 165 mm in length. Replicate tests were conducted on each material, and the results showed good reproducibility. A detailed description of the triaxial testing procedures and results can be found in Sukumaran (1996) . The large strain (steady-state) angle of internal friction is in¯uenced mostly by the inherent particle characteristics, while the peak internal friction angle also depends on fabric, void ratio, con®ning stress level, and stress path. Therefore, to study the inherent particle characteristics on frictional properties, the large-strain drained friction angle is plotted against SF and AF in Fig. 10 , with the material labels given in Table 1 . The increase in large-strain drained friction angle with increasing SF and AF is basically attributed to the higher particle interlocking. The statistical data ®tting using the exponential function shown in Fig. 10 will be discussed in detail later.
The pluviated maximum index and minimum index void ratios were also in¯uenced, to varying degrees, by inherent particle characteristics. Fig. 11 shows the relation between pluviated void ratio and SF and AF. The results suggest that the relationships between pluviated void ratio and both SF and AF are non-linear, with higher scatter at high angularity. At small SF values the pluviated void ratio is less sensitive to changes in particle shape, while the opposite is true for angularity. Similar trends were observed for the maximum and minimum index void ratios, as illustrated in Figs 12 and 13.
In order to describe the non-linear relationship between the friction angle or void ratios on the one hand and SF and AF on the other hand, various statistical functions were considered (e.g. linear, inverse hyperbolic, inverse square root and exponential). An exponential function of the following form resulted in the highest coef®cient of correlation:
The exponential function was linearised, and the corresponding coef®cient of linear correlation, R, was calculated in each case. The values of the statistical constants ÷ i and j i as well as R 2 (Table 4) indicate strong correlation, especially for SF. The scatter in friction angle and limiting void ratios as attributed, in part, to the difference in surface texture between the different materials, as discussed earlier.
The exponential function is valid only over the range of values presented in this study. It is unrealistic to assume that the friction angle or the limiting void ratios will increase inde®nately with increasing SF or AF. In more realistic terms, an upper limit asymptotic value should be approached. A better statistical ®t is obtained if Fraser River sand (labelled 11) is excluded, which again suggests that the statistical results should be used with discretion. Table 2) Caution should be exercised when extending these relationships beyond the range of SF and AF presented in this study or when highly variable or well-graded materials are considered. In those cases, the behaviour of the materials could be governed by a particular size fraction of the particles and might not necessarily correlate with average SF or AF values. Moreover, particles that tend to settle on a preferred side, such as¯at or elongated particles, may not be best characterised by their twodimensional projections. Alternative procedures may then be required to capture the three-dimensional shape and angularity aspects of the particle.
SUMMARY AND CONCLUSIONS
A new formulation was developed to quantify particle shape and angularity using an image analyser. Two-dimensional particle projections obtained from the image analyser were digitised to obtain the coordinates of particle outlines at regular angular intervals. These coordinates were then used to construct the distortion diagram, which is the basis for shape and angularity quanti®cation. The overall shape and angularity of the particles were described in terms of the newly de®ned SF and AF respectively.
Values of SF and AF obtained for regular geometric shapes were found to be in agreement with usual geometric classi®ca-tions. Results from a suite of manufactured materials and natural sands indicate that SF and AF provide independent measures of particle shape and angularity. The importance of the sample size in terms of the number of particles considered in the analyses to obtain a measure representative of the bulk material was examined. It was concluded that mean values of the two indices are representative of the bulk material for correlation purposes provided a suf®cient number of particles are analysed.
The pluviated void ratio was found to be related to the inherent particle characteristics; the more irregular and angular the particles, the higher the pluviated void ratio. Inherent particle characteristics were also found to affect the maximum and minimum void ratios of the material. A relationship was also found to exist between the large-strain drained friction angles determined from drained triaxial tests and the shape and angularity factors. For the range of materials studied, the relationship between SF and AF and the engineering properties was described by an exponential function. The results obtained from this study provide better understanding of the various factors in¯uencing the behaviour of bulk granular assemblies. The new developed shape and angularity factors, SF and AF, can be utilised as a measure of quality control in material selection for construction purposes. In addition, the possibility of incorporating SF and AF into discrete element codes in order to account for variations in particle shape and angularity can be investigated in the future. Table 2) ¯ow cone and conducting the preliminary studies on the dry pluviation technique. The materials tested in this study were provided by US Silica, Professor Peter Robertson, Professor David Frost and Mr Jim Berles. The authors are grateful to the anonymous referees for their thorough reviews and constructive comments. 
